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Abstract
Let G be a compact group which has the strong Kazhdan’s property (T ) and let τ be an isometric
representation of G on Lp(µ) for some measure space (Ω,Σ,µ) and 1 < p < ∞. We character-
ize the continuity of all the linear operators from Lp(µ) which commute with translations and the
property of ‖ · ‖p being the unique norm (up to equivalence) on Lp(µ) with respect to which all
translations are continuous in terms of the finite-dimensionality of the subspace of all invariant func-
tions.
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1. Introduction and preliminaries
Let G be a group of isometries of Lp(µ) for some measure space (Ω,Σ,µ) and
1 <p < ∞. The questions we address are the following:
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(Q2) whether every linear operator from Lp(µ) commuting with translations is continu-
ous;
(Q3) whether every topologically invariant norm on Lp(µ) is equivalent to the norm ‖·‖p .
Let τ be a representation of a topological group G on a Banach space X. We call τ
isometric if it is strongly continuous and τ(G) consists of isometries. As usual, by a unitary
representation of G we mean a strongly continuous representation π of G on a complex
Hilbert space H such that π(G) consists of unitary operators.
Let us recall that a linear functional φ on X is said to be τ -invariant if φ(τ(t)x) =
φ(x) for all x ∈ X and t ∈ G. The question of the automatic continuity of invariant linear
functionals was raised by G.H. Meisters [12] for the spaces of functions (or distributions)
over a locally compact group G and it has been much studied (see [13,14]).
If σ is a representation of G on another Banach space Y , then a linear operator
Φ :X → Y is said to commute with translations if Φ ◦ τ(t) = σ(t) ◦ Φ for each t ∈ G.
Verifying the automatic continuity of such operators is a basic task from which we can
derive suitable representations of such operators as convolution operators (see [18, Sec-
tion I.3]).
We call a complete norm ‖ · ‖ on X topologically invariant if the operator τ(t) from
(X,‖ · ‖) into itself is continuous for each t ∈ G. The uniqueness-of-norm problem is a
classical topic in automatic continuity theory, which has been mainly developed in the
context of Banach algebras. K. Jarosz [9] started the study of the uniqueness-of-invariant-
norm problem. The problem is to decide whether each topologically invariant norm on X
is equivalent to the given norm on X. This subject has been successfully carried out for
locally compact abelian groups [5] and for non-abelian compact groups [6,21].
For a compact subset K of G and ε > 0, a unit vector x ∈ X is said to be (K, ε)-invariant
if supt∈K ‖τ(t)x − x‖ < ε. The representation τ is said to have almost invariant vectors if
it has (K, ε)-invariant vectors for every compact subset K of G and every ε > 0. Let us
recall that an element x ∈ X is said to be τ -invariant if τ(t)x = x for each t ∈ G.
The group G has Kazhdan’s property (T ) if there exist a compact subset K of G and
ε > 0 such that, whenever a unitary representation π of G on a Hilbert space has a (K, ε)-
invariant vector, then π has a non-zero invariant vector. In this case, K is called a Kazhdan
set, ε a Kazhdan constant, and (K, ε) a Kazhdan pair for G. This property is a powerful
tool with many applications (see [8,20]). The group G is said to have the strong Kazh-
dan’s property (T ) if G has a finite Kazhdan set. This property is related to the so-called
Banach–Ruziewicz problem. This problem, for the spheres, asks whether the Lebesgue
measure on the N -dimensional Euclidean sphere SN is the unique normalized, finitely ad-
ditive rotation invariant measure on all Lebesgue measurable subsets of SN . When solving
this problem it was shown that the group SO(N + 1) has the strong Kazhdan’s property
(T ) for N  2 ([4] in the cases N = 2,3 and [10,19] in the case N  4). Moreover, every
simple, connected, non-abelian, compact Lie group has the strong Kazhdan’s property (T )
(see [11, Chapter III, 5.7] or [17, Theorem 5.17]). The unitary group U(H) of an infinite-
dimensional separable Hilbert space when equipped with the strong operator topology has
the strong Kazhdan’s property [2]. The compact unitary groups U(N) also have the strong
Kazhdan’s property for N  2. It should be mentioned that a compact group G has the
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tation of G to the invariant subspace L20(G) = {f ∈ L2(G):
∫
G
f (t) dt = 0} does not have
almost invariant vectors when G is viewed as a discrete group [17, Lemma 5.15]. Such a
group in [15] is referred to as does not satisfy the mean-zero weak containment property. It
turned out in [15,16,21,22] that this property is closely related to the automatic continuity
of the translation invariant linear functionals.
2. A basic principle
Throughout this paper we restrict our attention to compact groups. If G is a compact
group, then it is well known that every irreducible unitary representation of G on a Hilbert
space Hπ is finite-dimensional. In order to investigate questions (Q1)–(Q3) for a represen-
tation τ of G on a Banach space X, we will be involving the representations π ⊗ τ of G
on the space Hπ ⊗X defined through
(π ⊗ τ)(t)(u ⊗ x) = π(t)u ⊗ τ(t)x
for all u ∈ Hπ , x ∈ X, and t ∈ G, where π ranges through the irreducible unitary represen-
tations of G. Note that Hπ ⊗ X can be identified with the space Xn, where n = dimHπ .
The important point to note here is that Hπ ⊗ X turns into a Banach space with respect to
any cross norm and that all of them are equivalent. From now on, we shall consider Hπ ⊗X
as a Banach space without specifying any concrete cross norm unless otherwise stated.
The objective of this section is to restate the basic principle [21, Theorem 4.1] in terms
of the above introduced auxiliary representations.
Lemma 1. Let G be a compact group and let τ be a strongly continuous representation of
G on a Banach space X. Then there exists a unique continuous linear projection Pτ from
X onto the subspace of all τ -invariant vectors of X such that Pτ (τ(t)x) = Pτ (x) for all
x ∈ X and t ∈ G. Furthermore, if τ is an isometric representation, then ‖Pτ‖ = 1.
Proof. By a standard result from the integration theory of vector-valued functions (see [21,
Lemma 2.1]), we can define a mapping τ˜ :M(G) → L(X) by
φ
(
τ˜ (µ)x
)= ∫
G
φ
(
τ(t)x
)
dµ(t)
for all µ ∈ M(G), x ∈ X, and φ ∈ X∗, which is easily seen to be a continuous unital algebra
homomorphism. In fact, τ˜ is norm decreasing in the case when τ is isometric.
If λ is the Haar measure on G normalized so that λ(G) = 1, then Pτ = τ˜ (λ) satisfies
the required properties. Indeed, τ˜ (λ)2 = τ˜ (λ 
 λ) = τ˜ (λ) and τ˜ (λ)τ (t) = τ˜ (λ 
 δt ) = τ˜ (λ)
for each t ∈ G, where δt stands for the unit point mass measure at t . Moreover, ‖τ˜ (λ)‖
‖λ‖ = 1 if τ is isometric. On the other hand, if P is another such operator, then we have
φ
(
Pτ (x)
)= φ(P (Pτ (x)))=
∫
G
φ
(
P
(
τ(t)x
))
dt =
∫
G
φ
(
P(x)
)
dt = φ(P(x))
∗for all x ∈ X and φ ∈ X . This yields P = Pτ . 
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on a Banach space (X,‖ · ‖), and let | · | be a topologically invariant norm on X. Suppose
that for every irreducible unitary representation π of G on a Hilbert space Hπ such that
there exists a non-zero π ⊗ τ -invariant vector in Hπ ⊗X, the following conditions hold:
(i) the subspace of all π ⊗ τ -invariant vectors in Hπ ⊗X is finite-dimensional;
(ii) there exist Nπ ∈ N, Aπ > 0, and Kπ ⊂ G such that every ζ ∈ Hπ ⊗ X has a repre-
sentation of the form
ζ = ζ0 +
Nπ∑
i=1
[
ζi − (π ⊗ τ)(ti)ζi
]
,
where t1, . . . , tNπ ∈ Kπ , ζ0, . . . , ζNπ ∈ Hπ ⊗X, ‖ζ1‖, . . . ,‖ζNπ ‖Aπ‖ζ‖, and ζ0 is
(π ⊗ τ)-invariant (here ‖ · ‖ stands for any cross norm on Hπ ⊗X);
(iii) there exists Bπ > 0 such that |τ(t)x| Bπ |x| for all x ∈ X and t ∈ Kπ .
Then | · | and ‖ · ‖ are equivalent.
Proof. The proof consists in checking that the requirements (i) and (ii) in [21, Theo-
rem 4.1] hold.
We introduced in [21] the auxiliary spaces L(Hπ)⊗X and the auxiliary representations
τπ of G on L(Hπ)⊗X defined through
τπ (t)(T ⊗ x) = (π(t) ◦ T )⊗ (τ(t)x)
for all T ∈ L(Hπ), x ∈ X, and t ∈ G. We endow L(Hπ)⊗X with the projective norm. The
space L(Hπ)⊗X turns into a Banach L(Hπ)-bimodule with respect to the operations given
by S · (T ⊗ x) = (S ◦ T ) ⊗ x = (S ⊗ x) · T for all S,T ∈ L(Hπ) and x ∈ X. Throughout
the proof we will be treating also the representation of G on L(Hπ) ⊗ X, which by abuse
of notation we continue to write τ , defined through τ(t)(T ⊗ x) = T ⊗ τ(t)x for all T ∈
L(Hπ), x ∈ X, and t ∈ G. Note that
τπ (t)θ = π(t) · τ(t)θ (1)
and that
τ(t)(S · θ · T ) = S · τ(t)θ · T (2)
for all t ∈ G, S,T ∈ L(Hπ) and θ ∈ L(Hπ)⊗X.
Let (ei)ni=1 be an orthonormal basis of Hπ . For every i ∈ {1, . . . , n} we define continu-
ous linear operators
Φi :L(Hπ)⊗X → Hπ ⊗X, Φi(T ⊗ x) = (T ei)⊗ x
(
T ∈ L(Hπ), x ∈ X
)
and
Ψi :Hπ ⊗X → L(Hπ)⊗X, Ψi(u⊗ x) = (u⊗ ei)⊗ x
(
T ∈ L(Hπ), x ∈ X
)
.
As usual, u⊗ v ∈ L(Hπ) is defined by (u⊗ v)w = 〈w,v〉u for all u,v,w ∈ Hπ . It is easily
seen that the following identities hold:
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Ψi ◦ (π ⊗ τ)(t) = τπ (t) ◦Ψi, (4)
Φj ◦Ψi = δij IHπ⊗X, (5)
n∑
k=1
Ψk ◦Φk = IL(Hπ )⊗X, (6)
Ψi ◦ Pπ⊗τ = Pτπ ◦Ψi, and (7)
Pπ⊗τ ◦Φi = Φi ◦ Pτπ , (8)
for all i, j = 1, . . . , n and t ∈ G.
Consider the spaces
I (τπ ) = {θ ∈ L(Hπ)⊗X: τπ (t)θ = θ, ∀t ∈ G} and
I (π ⊗ τ) = {ζ ∈ Hπ ⊗X: (π ⊗ τ)(t)ζ = ζ, ∀t ∈ G}.
By (3), Φi(I (τπ )) ⊂ I (π ⊗ τ) for each i = 1, . . . , n. On account of (4) together with (5),
we have
Φi
(
I
(
τπ
))= I (π ⊗ τ) (9)
for each i = 1, . . . , n. On the other hand, (4) gives ∑ni=1 Ψi(I (π ⊗ τ)) ⊂ I (τπ ) and (6)
now yields
n∑
i=1
Ψi
(
I (π ⊗ τ))= I(τπ ). (10)
It should be pointed out that Pτπ is nothing but the operator π defined in [21, Sec-
tion 2.4] and that there are τπ -invariant vectors in L(Hπ)⊗X if and only if π(X) = {0}.
Assume that I (τπ ) = {0}. According to (10), we have I (π ⊗ τ) = {0}. By (i),
dim I (π ⊗ τ) < ∞ and (10) also implies that dim I (τπ ) < ∞. This is condition (i) in
[21, Theorem 4.1].
Set θ ∈ L(Hπ) ⊗ X. On account of (ii), for every i ∈ {1, . . . , n}, Φi(θ) has a represen-
tation
Φi(θ) = ζi0 +
Nπ∑
k=1
ζik − (π ⊗ τ)(tk)ζik,
where t1, . . . , tNπ ∈ Kπ , ζi0, . . . , ζiNπ ∈ Hπ ⊗X, ‖ζi1‖, . . . ,‖ζiNπ ‖Aπ‖Φi(θ)‖, and ζi0
is (π ⊗ τ)-invariant. From Lemma 1 we see that ζi0 = Pπ⊗τ (Φi(θ)) for each i = 1, . . . , n.
By (1), (2), (4), and (6), we have
θ =
n∑
i=1
Ψi
(
Φi(θ)
)= n∑
i=1
Ψi(ζi0)+
Nπ∑
k=1
[(
n∑
i=1
Ψi(ζik)
)
− τπ (tk)
(
n∑
i=1
Ψi(ζik)
)]
=
n∑
Ψi(ζi0)+
Nπ∑[
π
(
t−1
) ·
(
π
(
tk
) · n∑Ψi(ζik)
)
i=1 k=1
k
i=1
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(
π(tk) ·
n∑
i=1
Ψi(ζik)
)]
.
By (6) and (8), we have
n∑
i=1
Ψi(ζi0) =
n∑
i=1
Ψi
(
Pπ⊗τ
(
Φi(θ)
))= n∑
i=1
(Ψi ◦Φi)
(
Pτπ (θ)
)= Pτπ (θ).
Furthermore,∥∥∥∥∥π(tk) ·
n∑
i=1
Ψi(ζik)
∥∥∥∥∥
n∑
i=1
∥∥Ψi(ζik)∥∥ n∑
i=1
‖Ψi‖‖ζik‖

n∑
i=1
‖Ψi‖Aπ
∥∥Φi(θ)∥∥
(
Aπ
n∑
i=1
‖Ψi‖‖Φi‖
)
‖θ‖.
We thus get condition (ii) in [21, Theorem 4.1]. 
3. Continuity of invariant linear functionals
The purpose of this section is to investigate the automatic continuity of the invariant lin-
ear functionals on a superreflexive Banach space. Let us recall that superreflexive Banach
spaces are characterized as those Banach spaces for which there exists a uniformly convex
norm that is equivalent to the given norm.
Lemma 2. Let G be a group and let τ be a bounded representation of G on a superreflexive
Banach space X. Then there exists a norm ‖ · ‖uc on X with the following properties:
(i) ‖ · ‖uc is equivalent to the given norm ‖ · ‖ on X;
(ii) (X,‖ · ‖uc) is uniformly convex;
(iii) τ(t) is an isometry on (X,‖ · ‖uc) for each t ∈ G.
Proof. Let | · | be a norm on X which is equivalent to ‖ · ‖ and such that (X, | · |) is
uniformly convex. It is clear that τ is still a bounded representation of G on (X, | · |). We
now define ‖ · ‖ on X by ‖x‖uc = sup{|τ(t)x|: t ∈ G} for each x ∈ X. It is easily seen that
| · | ‖ · ‖uc  ρ| · |, where ρ = sup{|τ(t)x|: t ∈ G, |x| = 1}, and that τ(t) is an isometry
from (X,‖ · ‖uc) onto itself for each t ∈ G. Our next goal is to show the uniform convexity
of ‖ · ‖uc. Let 0 < ε  2 and let x, y ∈ X with ‖x‖uc,‖y‖uc  1 and ‖x − y‖uc  ε. For
every t ∈ G, we have |τ(t)x|, |τ(t)y| 1 and |τ(t)x+ τ(t)y| ρ−1‖x−y‖uc  ρ−1ε. By
the uniform convexity of | · |, we have 1 − 12 |τ(t)x + τ(t)y| δ(ρ−1ε) > 0, which gives
1 − 12‖x + y‖uc  δ(ρ−1ε). 
Lemma 3. Let G be a group and let τ be a bounded representation of G on a superreflexive
Banach space X. Suppose that τ does not have (K, ε)-invariant vectors for some finite
subset K of G and some ε > 0. Then there exist t1, . . . , tN ∈ G and C > 0 such that
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Proof. Of course, we can certainly assume that K contains the identity. Write K =
{t1, . . . , tN } and choose t1 to be the identity of G.
Let ‖ · ‖uc be the norm given in Lemma 2. By abuse of notation, we will use the same
symbol ‖ · ‖uc to denote the norm on L(X,‖ · ‖uc). It is obvious that ‖ 1N
∑N
i=1 τ(ti)‖uc  1
and we claim that∥∥∥∥∥ 1N
N∑
i=1
τ(ti)
∥∥∥∥∥
uc
< 1. (11)
On the contrary, suppose that (11) fails to hold. Then there exists a sequence (xn) in X
with ‖xn‖uc = 1 for each n ∈ N and
lim
n→∞
∥∥∥∥∥ 1N
N∑
i=1
τ(ti)xn
∥∥∥∥∥
uc
= 1.
For every j ∈ {1, . . . ,N} we have∥∥∥∥∥
(
2
N
τ(t1)xn + 1
N
N∑
i =1,j
τ (ti)xn
)
+
(
2
N
τ(tj )xn + 1
N
N∑
i =1,j
τ (ti)xn
)∥∥∥∥∥
uc
=
∥∥∥∥∥ 2N
N∑
i=1
τ(ti)xn
∥∥∥∥∥
uc
→ 2. (12)
Since ∥∥∥∥∥
(
2
N
τ(t1)xn + 1
N
N∑
i =1,j
τ (ti)xn
)∥∥∥∥∥
uc
 1 and
∥∥∥∥∥
(
2
N
τ(tj )xn + 1
N
N∑
i =1,j
τ (ti)xn
)∥∥∥∥∥
uc
 1
for each n ∈ N, (12) together with the uniform convexity of ‖ · ‖uc implies that
∥∥∥∥ 2N
(
τ(t1)xn − τ(tj )xn
)∥∥∥∥
uc
=
∥∥∥∥∥
(
2
N
τ(t1)xn + 1
N
N∑
i =1,j
τ (ti)xn
)
−
(
2
N
τ(tj )xn + 1
N
N∑
i =1,j
τ (ti)xn
)∥∥∥∥∥
uc
→ 0.
We thus get limn→∞ ‖xn − τ(tj )xn‖ = 0 for each j = 1, . . . ,N . Therefore there exists
n ∈ N such that xn is a (K, ε)-invariant vector, which contradicts the hypothesis.
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∑N
i=1 τ(ti) from X into itself is invertible.
Let C = 1
N
‖(IX − 1N
∑N
i=1 τ(ti))−1‖. If x ∈ X, then
y = 1
N
(
IX − 1
N
N∑
i=1
τ(ti)
)−1
(x)
satisfies both x =∑Ni=1[y − τ(ti)(y)] and ‖y‖ C‖x‖. 
Theorem 2. Let G be a compact group and let τ be a strongly continuous representation
of G on a superreflexive Banach space X. Suppose that τ does not have (K, ε)-invariant
vectors in {x ∈ X: ∫
G
τ(t)x dt = 0} for some finite subset K of G and some ε > 0. Then
there exist t1, . . . , tN ∈ G and C > 0 such that every x ∈ X has a representation of the form
x = z +
N∑
i=1
[
y − τ(ti)y
]
,
where y, z ∈ X, ‖y‖,‖z‖ C‖x‖, and z is τ -invariant. Accordingly, the following asser-
tions are equivalent:
(i) Every τ -invariant linear functional on X is continuous.
(ii) The space of all τ -invariant vectors of X is finite-dimensional.
Proof. Let x ∈ X. Then x − Pτ (x) ∈ ker(Pτ ). Since kerPτ is superreflexive and τ is
bounded, Lemma 3 gives x − Pτ (x) = ∑Ni=1[y − τ(ti)y] for some y ∈ kerPτ with‖y‖  C‖x − Pτ (x)‖  C(1 + ‖Pτ‖)‖x‖. Let z = Pτ (x), so that ‖z‖  ‖Pτ‖‖x‖, to get
the desired representation.
Assume that dimPτ (X) < ∞. If φ is a τ -invariant linear functional, then the decompo-
sition given in the result clearly forces that φ = φ ◦ Pτ and therefore φ is continuous.
We now assume that dimPτ (X) = ∞. Pick a discontinuous linear functional φ on
Pτ (X). Then the linear functional φ ◦Pτ on X is easily seen to be invariant and discontin-
uous. 
Remark 1. It should be pointed out that the assumption in Theorem 2 is closely related
to the property (TX) introduced in [1] for those Banach spaces X which are uniformly
convex and uniformly smooth. As a consequence of that paper it follows that if G contains
a finitely generated dense subgroup with Kazhdan’s property (T ), then the assumption
in Theorem 2 is satisfied by every isometric representation of G on any of the following
spaces:
(i) Lp(µ) for 1 <p < ∞;
(ii) a closed subspace of Lp(µ) for 1 <p < ∞ and p = 4,6,8, . . . ;
(iii) a quotient of Lp(µ) for 1 <p < ∞ and p = 43 , 65 , 87 , . . . ;
where (Ω,Σ,µ) is a σ -finite measure space.
It is worth pointing out that all the simple, compact Lie groups which are not locallyisomorphic to SO(N) for N = 2,3,4, were shown in [10] to contain a finitely generated
J. Alaminos et al. / J. Math. Anal. Appl. 307 (2005) 167–180 175dense subgroup with Kazhdan’s property (T ) (for SO(N), with N  5, this was shown
simultaneously in [19]). It is shown in [8, Proposition 6.26] that every countable subgroup
of SO(N) with Kazhdan’s property (T ) is necessarily finite if N  4. On the other hand,
we prove in Lemma 4 that the condition stated in Theorem 2 is satisfied in the case when
G is a compact group which has the strong Kazhdan’s property (T ) and τ is an isometric
representation of G on Lp(µ), 1 < p < ∞, for some measure space (Ω,Σ,µ). We thus
generalize [15].
Remark 2. Theorem 2 shows that the automatic continuity of invariant linear functionals
has ergodic theoretic implications. Suppose that G acts on a probability space (Ω,Σ,µ) as
a group of invertible measure-preserving transformations. If τ is the regular representation
of G on Lp(µ), 1 p ∞, then it is easily seen that the set of all τ -invariant functions of
Lp(µ) is finite-dimensional if and only if there exist pairwise disjoint measurable subsets
Ω1, . . . ,Ωn such that Ω = Ω1 ∪ · · · ∪ ΩN , µ(Ωi) > 0, and G acts ergodically on Ωi for
i = 1, . . . ,N ; i.e., if A is a measurable subset of Ωi such that µ((t · A)∆A) = 0 for each
t ∈ G, then either µ(A) = 0 or µ(A) = µ(Ωi).
4. Uniqueness of topologically invariant norms and continuity of operators
commuting with translations
Throughout this section we will be concerned with the space Lp(µ), where (Ω,Σ,µ)
is a measure space and 1 p < ∞. In order to investigate the topics announced in the title
of this section we are required to involve representations of the form π ⊗ τ , where π is a
unitary representation of a compact group G on a Hilbert space H and τ is an isometric
representation of G on Lp(µ).
The space H ⊗ Lp(µ) can be algebraically identified with a subspace of Lp(µ,H) by
means of the natural map u ⊗ f → f (·)u. This identification induces a cross norm on
H ⊗ Lp(µ) with respect to which the representation π ⊗ τ is easily seen to be strongly
continuous. Furthermore, π ⊗ τ becomes an isometric representation. Indeed, for p = 2
this is straightforward and for p = 2 we have∥∥∥∥∥
n∑
i=1
(π ⊗ τ)(t)(ui ⊗ fi)
∥∥∥∥∥
p
p
=
∫
Ω
∣∣∣∣∣
n∑
i=1
(
τ(t)fi
)
(ω)π(t)ui
∣∣∣∣∣
p
dµ(ω) =
∫
Ω
∣∣∣∣∣π(t)
(
n∑
i=1
(
τ(t)fi
)
(ω)ui
)∣∣∣∣∣
p
dµ(ω)
=
∫
Ω
∣∣∣∣∣
n∑
i=1
(
τ(t)fi
)
(ω)ui
∣∣∣∣∣
p
dµ(ω) =
∫
Ω
∣∣∣∣∣τ(t)
(∣∣∣∣∣
n∑
i=1
fiui
∣∣∣∣∣
)∣∣∣∣∣
p
dµ
=
∫ ∣∣∣∣ n∑fiui
∣∣∣∣
p
dµ,Ω
∣
i=1 ∣
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the theorem of structure of the isometries of Lp(µ) [7, Theorem 3.2.5]. Of course, π ⊗ τ
extends to an isometric representation of G on Lp(µ,H), which we continue to write
π ⊗ τ .
Lemma 4. Let G be a compact group, let π be a unitary representation of G on a
Hilbert space H , and let τ be an isometric representation of G on Lp(µ) for some
measure space (Ω,Σ,µ) and some 1  p < ∞. If (K, ε) is a Kazhdan pair for G,
then the representation π ⊗ τ does not have (K, (3323p+7p)−1ε2)-invariant vectors on
{f ∈ Lp(µ,H): ∫
G
(π(t)⊗ τ(t))f dt = 0}.
Proof. As far as we know [1] does not apply directly to our situation. Nevertheless, our
proof follows very closely the pattern established in that paper.
Let us observe that for p = 2 the result obviously holds (note that necessarily ε  2 and
so (3323p+7p)−1ε2 < ε). In the sequel we assume that p = 2.
Let | · | stand for the norm of H .
For u ∈ H we define ϑ(u) = |u|−1u if u = 0 and ϑ(0) = 0. For 1 r, s < ∞ we define
the operator Γr,s :Lr(µ,H) → Ls(µ,H) by(
Γr,s(f )
)
(ω) = ∣∣f (ω)∣∣r/sϑ(f (ω))
for all f ∈ Lr(µ,H) and ω ∈ Ω . It should be pointed out that Γr,s is nothing but the vector-
valued version of the classical map γr,s :Lr(µ) → Ls(µ) defined by γr,sf = |f |r/s sign(f )
for each f ∈ Lr(µ), which is used in order to prove that the unit spheres of Lr(µ)
and Ls(µ) are uniformly homeomorphic. It is clear that ‖Γr,s(f )‖ss = ‖f ‖rr and that
Γs,r (Γr,sf ) = f for each f ∈ Lr(µ,H). On the other hand, by applying [3, Chapter IV,
§6, Exercise 10, p. 257], we get∥∥Γr,1(f )− Γr,1(g)∥∥1  3r(‖f ‖r + ‖g‖r)r−1‖f − g‖r (∀f,g ∈ Lr(µ,H)) (13)
and ∥∥Γ1,r (f )− Γ1,r (g)∥∥r  2‖f − g‖1/r1 (∀f,g ∈ L1(µ,H)). (14)
Since Γr,s = Γ1,s ◦ Γr,1, (13) and (14) yield∥∥Γr,s(f )− Γr,s(g)∥∥s  2(3r(‖f ‖r + ‖g‖r)r−1)1/s‖f − g‖1/sr(∀f,g ∈ Lr(µ,H)). (15)
For simplicity of notation, in the remaining of the proof, we write Γ for Γp,2 and Γ ′
for Γ2,p .
We next claim that there exists a unitary representation  of G on L2(µ) such that
Γ
(
(π ⊗ τ)(t)f )= (π ⊗)(t)(Γf ) (16)
for each f ∈ Lp(µ,H). Indeed, let us define (t) = γp,2 ◦ τ(t) ◦ γ2,p for each t ∈ G.
From the theorem of structure of the isometries of Lp(µ) [7, Theorem 3.2.5] we see that
(t) is a linear isometry from L2(µ) onto itself and that (16) holds.
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G
(π(t)⊗ τ(t))f dt = 0
is such that ‖f ‖p = 1 and supt∈K ‖(π ⊗ τ)(t)f − f ‖p < δ. Note that Pπ⊗τ (f ) = 0. On
account of (15), we have
sup
t∈K
∥∥(π ⊗)(t)(Γf )− Γf ∥∥2 = sup
t∈K
∥∥Γ ((π ⊗ τ)(t)f )− Γ (f )∥∥2
 2
(
3p2p−1
)1/2
sup
t∈K
∥∥(π ⊗ τ)(t)f − f ∥∥1/2
p
< 2
(
3p2p−1
)1/2
δ1/2. (17)
Let P be the orthogonal projection from L2(µ,H) onto the subspace of all (π ⊗ )-in-
variant vectors of L2(µ,H) and let Q = I − P . Since∥∥(π ⊗)(t)(QΓf )−QΓf ∥∥2 = ∥∥Q((π ⊗)(t)(Γf )− Γf )∥∥2

∥∥(π ⊗)(t)(Γf )− Γf )∥∥2
for each t ∈ G, (17) now yields
sup
t∈K
∥∥(π ⊗)(t)(QΓf )−QΓf ∥∥2 < 2(3p2p−1)1/2δ1/2. (18)
We now claim that
‖QΓf ‖2 >
(
2p+33
)−1
. (19)
Indeed, if PΓf = 0, then ‖QΓf ‖2 = ‖Γf ‖2 = ‖f ‖p = 1. We proceed to consider the
case when PΓf = 0.
‖Γf − ‖PΓf ‖−12 PΓf ‖2  ‖Γf − PΓf ‖2 + ‖PΓf − ‖PΓf ‖−12 PΓf ‖2
= ‖Γf − PΓf ‖2 + ‖PΓf ‖2
∣∣1 − ‖PΓf ‖−12 ∣∣
 ‖Γf − PΓf ‖2 +
∣∣‖PΓf ‖2 − 1∣∣
 2‖Γf − PΓf ‖2 (20)
since |‖PΓf ‖2 −1| = |‖PΓf ‖2 −‖Γf ‖2| ‖PΓf −Γf ‖2. According to (15) and (20),
we have∥∥Γ ′(Γf )− Γ ′(‖PΓf ‖−12 PΓf )∥∥p < 2(223)1/p(2‖Γf − PΓf ‖2)1/p.
Since π ⊗ τ is an isometric representation, Lemma 1 shows that ‖Pπ⊗τ‖ = 1. On the other
hand, since ‖PΓf ‖−12 PΓf is (π ⊗ )-invariant, (16) shows that Γ ′(‖PΓf ‖−12 PΓf ) is
(π ⊗ τ)-invariant and hence
1 = ∥∥Γ ′(‖PΓf ‖−12 PΓf )∥∥p = ∥∥Pπ⊗τ (Γ ′(‖PΓf ‖−12 PΓf )− f )∥∥p
 ‖Pπ⊗τ‖
∥∥f − Γ ′(‖PΓf ‖−12 PΓf )∥∥p = ∥∥Γ ′(Γf )− Γ ′(‖PΓf ‖−12 PΓf )∥∥p.
We thus get (2p+33)−1 < ‖QΓf ‖2, as claimed.From (18) and (19) we deduce that
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t∈K
∥∥(π ⊗)(t)(‖QΓf ‖−12 QΓf )− ‖QΓf ‖−12 QΓf ∥∥2
< 2p+43
(
3p2p−1
)1/2
δ1/2 = ε.
Therefore ‖QΓf ‖−12 QΓf is a (K, ε)-invariant vector in
Q
(
L2(µ,H)
)= {f ∈ Lp(µ,H): ∫
G
(
π(t)⊗ τ(t))f dt = 0}.
Since (K, ε) is a Kazhdan pair for G and π ⊗  is a unitary representation of G on the
Hilbert space L2(µ,H), it follows that π ⊗  has an invariant vector in Q(L2(µ,H)),
which gives a contradiction. 
Theorem 3. Let G be a compact group which has the strong Kazhdan’s property (T ) and
let τ be an isometric representation of G on Lp(µ) for some measure space (Ω,Σ,µ)
and 1 <p < ∞. Then the following assertions are equivalent:
(i) The subspace of all (π ⊗ τ)-invariant vectors of Hπ ⊗ Lp(µ) is finite-dimensional
for each irreducible unitary representation of G on a Hilbert space Hπ .
(ii) Every (π ⊗ τ)-invariant linear functional on Hπ ⊗ Lp(µ) is continuous for each
irreducible unitary representation of G on a Hilbert space Hπ .
(iii) Every topologically invariant norm on Lp(µ) is equivalent to the norm ‖ · ‖p .
(iv) If σ is a strongly continuous representation of G on a Banach space X and
Φ :Lp(µ) → X is a linear operator which commutes with translations, then Φ is
continuous.
Proof. For every irreducible unitary representation π of G on Hπ we endow the space
Hπ ⊗Lp(µ) with the norm coming from Lp(µ,Hπ).
Since Lp(µ,Hπ) is superreflexive, we can apply Lemma 4 and Theorem 2 to deduce
that (i) is equivalent to (ii).
From Lemma 4 and Theorem 2 we deduce that there exists a finite set K ⊂ G and a
constant C > 0 such that the representation required in condition (ii) of Theorem 1 holds
with Kπ = K for each π . Accordingly, if (i) holds and ‖ · ‖ is a topologically invariant
norm, then we can apply Theorem 1 with Bπ = maxt∈K ‖τ(t)‖, for each π , to obtain that
‖ · ‖ is equivalent to ‖ · ‖p . Hence (i) implies (iii).
We now assume that (ii) holds. Let Φ be a linear operator as in (iv). We claim that the
graph of Φ is closed. Let (fn) be a sequence in Lp(µ) with limfn = 0 and limΦ(fn) = x
for some x ∈ X. Let π be an irreducible unitary representation of G on a Hilbert space Hπ .
Let v ∈ Hπ and φ ∈ X∗. Consider the continuous linear functional ψ on Hπ ⊗ X defined
through ψ(w⊗ x) = 〈w,v〉φ(x) for all w ∈ Hπ and x ∈ X. Taking into account Lemma 1,
it is easily seen that the linear functional ψ ◦Pπ⊗σ ◦ (IHπ ⊗Φ) on Hπ ⊗Lp(µ) is (π ⊗ τ)-
invariant and therefore it is continuous. We now take u ∈ Hπ . Since limu ⊗ fn = 0, it
follows that ( ( )) ( )0 = limψ Pπ⊗σ (IHπ ⊗Φ)(u⊗ fn) = ψ Pπ⊗σ (u⊗ x)
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∫
G
〈
π(t)u, v
〉
φ
(
σ(t)x
)
dt.
We thus arrive at
∫
G
p(t)φ(σ (t)x) dt = 0 for each trigonometric polynomial p and φ ∈ X∗.
Since trigonometric polynomials are dense in C(G) with respect to the uniform norm, it
follows that φ(σ(t)x) = 0 for all t ∈ G and φ ∈ X∗. By taking t to be the identity of G,
we obtain φ(x) = 0 for each φ ∈ X∗ and hence that x = 0, as claimed. The closed graph
theorem now shows that Φ is continuous.
Finally, we assume that (ii) fails to hold and let φ be a discontinuous (π ⊗ τ)-invariant
linear functional on Hπ ⊗ Lp(µ) for some irreducible unitary representation π of G on a
Hilbert space Hπ . On account of Lemma 4 and Theorem 2 there is a non-zero (π ⊗ τ)-
invariant vector in Hπ ⊗Lp(µ). By (9) there is a non-zero τπ -invariant vector in L(Hπ)⊗
Lp(µ). From (3) the linear functional φ ◦ Φ1 is τπ -invariant. Moreover, (5) clearly forces
that φ ◦ Φ1 is discontinuous. We now apply [21, Theorem 3.1 and Remark 3.2] (take into
account that the τπ -invariant functionals and vectors are called π -invariant functionals and
vectors, respectively, in that paper) to obtain a complete norm ‖ · ‖ on Lp(µ) which is not
equivalent to the norm ‖ · ‖p and such that the representation τ from G on (Lp(µ),‖ · ‖) is
strongly continuous and isometric. This implies that (iii) does not hold. On the other hand,
the identity map from (Lp(µ),‖ · ‖p) onto (Lp(µ),‖ · ‖) is discontinuous and therefore
(iv) also fails to hold. 
Remark 3. It should be pointed out that if τ is the left regular representation of a compact
group G on Lp(G), with 1  p ∞, and π is an irreducible unitary representation of
G on a Hilbert space Hπ , then the subspace of all (π ⊗ τ)-invariant vectors of Hπ ⊗
Lp(G) is finite-dimensional. Indeed, if f ∈ Lp(G,Hπ) is a (π ⊗ τ)-invariant function,
then it is easily seen that the function t → π(t−1)(f (t)) from G into Hπ is invariant with
respect to the left regular representation of G on Lp(G,Hπ). Therefore the function t →
π(t−1)(f (t)) is constant. Hence [6, Theorem 5.1] (for Lp(G) with 1 < p < ∞) follows
from Theorem 3. On the other hand, if Ω is an homogeneous space on G and τ is the
regular representation of G on Lp(Ω), then Lp(Ω) can be thought of as an invariant
closed subspace of Lp(G) and therefore the subspace of all (π ⊗ τ)-invariant vectors of
Lp(Ω,Hπ) is finite-dimensional. Hence Theorem 3 generalizes [21, Theorem 5.4] (for
Lp(Ω) with 1 <p < ∞).
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